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Abstract
We show that for a rational polygonal billiard, the set of pairs of
points that do not illuminate each other (not connected by a billiard
trajectory) is finite, and use the same method to extend the results
of [LMW16] and [AW17] about the amount of pairs of points that are
finitely blocked with a certain blocking cardinality. We rely on pre-
vious work about the blocking property in translation surfaces which
ultimately stems from results of Eskin, Mirzakhani and Mohammadi
on dynamics of moduli spaces of translation surfaces.
1 Introduction
Consider a source of light as a point in a bounded planar region. The ema-
nating rays hit the boundary and reflect with angle of reflection that equals
the angle of incidence, angles taken between the rays and the tangent to the
boundary at the point of incidence. Does such a light source illuminate the
whole region? Is the region illuminable from any point? These two questions
of planar geometry are attributed to Ernst Straus in the 1950’s, although
the requirement that the region is polygonal might have appeared later. An
example for a region that is not illuminable by any point was given by Pen-
rose [Pen58] in 1958 for a region with curved boundary. A set of examples
for polygonal regions with two points that do not illuminate each other was
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given in the 1990’s by Tokarsky [Tok95]. Those polygons have the property
of being rational in the following sense:
Definition 1.1. A polygon is called rational if all angles between edges are
in Qpi where the angle between two edges is the angle at the intersection
point of their linear continuation.
We use the language of billiard dynamical systems to discuss illumina-
tion. A pair of points on a polygon Q do not illuminate each other if there
is no billiard trajectory on Q connecting those points. When Q is rational,
the process (which will be discussed in detail below) of unfolding Q results
in an associated translation surface M . Illumination in rational polygons
is then generalized by a restrictive condition defined for billiard trajecto-
ries as well as translation surface geodesics, called the blocking property. A
pair of points A,B ∈ Q is finitely blocked if all billiard trajectories between
them pass through some finite set, called a blocking set. The blocking set
is not allowed to contain A and B. We denote the minimal cardinality of a
blocking set for A,B as BC(A,B). Similarly, blocking and illumination is
defined on M : a pair x, y ∈ M of non-singular points is finitely blocked if
all geodesic trajectories on M connecting x and y pass through some finite
set disjoint from {x, y}. The terms blocking set and blocking cardinality are
defined similarly, and BC(x, y) = 0 amounts to non-illumination of x and y.
Illumination and blocking are properties of translation surfaces in general,
regardless of whether they are an unfolding of a rational billiard. Lelie`vre,
Monteil and Weiss ([LMW16]) had several results regarding translation sur-
faces in general: they showed that a translation surface M is a ramified
translation cover of the torus if and only if all pairs of non-singular points
are finitely blocked, and in that case there is a typical n such that every pair
of points has BC ≤ n. They also showed that for a fixed x ∈ M , the set
of points that do not illuminate x is finite. For a rational polygon Q that
unfolds to a translation surface that is not a torus cover, Apisa and Wright
([AW17]) showed that if all angles are multiples of pi/2 then each point in
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Q is finitely blocked from only finitely many other points, and in case there
is an angle that is not a multiple of pi/2, then there are at most finitely many
pairs of points that are finitely blocked.
Theorem 1. Let Q be a rational polygon with connected interior and let M
the translation surface obtained by unfolding Q, then:
(i) Only finitely many pairs of points in Q do not illuminate each other.
(ii) {(A,B) ∈ Q2 : BC(A,B) ≤ n} is finite for every integer n > 0 if and
only if M is not a torus cover.
Theorem 1((ii)) extends the results of [LMW16] and [AW17] about the
possible cardinality of finitely blocked pairs of points in the non-torus cover
case, while the result in [LMW16] grants the ”only if” direction. It is con-
cluded in [LMW16] that for a rational polygon Q and a fixed A ∈ Q, there
are at most finitely many points that do not illuminate A. Theorem 1((i))
extends this result in that the total amount of pairs of points that do not
illuminate each other is finite (regardless of whether the unfolded surface is
a torus cover or not). The results of [LMW16] and [AW17] rely on work of
Eskin, Mirzakhani and Mohammadi [EMM], applied to the moduli spaces of
translation surfaces to describe sets of interest (i.e, subsets of finitely blocked
pairs) as submanifolds that locally are complex linear manifolds defined over
R.
Note that the statements in Theorem 1 do not necessarily hold when
substituting Q with M . Hubert, Schmoll and Troubetzkoy ([HST08] §8)
have constructed an example of a non-torus cover translation surface that
has infinitely many pairs of points that do not illuminate each other. For
other examples see [LMW16] §6.3.
Central to our discussion is the effect of the action of a dihedral group on
a translation surface, defined when the surface is an unfolding of a rational
polygon. Our results are thus relevant to translation surfaces arising from
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polygons, but not to arbitrary translation surfaces. One of the polygonal
examples presented in [Tok95] was notable for its smallest amount of 26
edges. Castro [Cas97] later presented an example with 24 edges (published
as a Quantum Magazine readers feedback, in response to an article about
Tokarsky’s result on the illumination problem), and as a digestif for this
paper we exhibit a more efficient example with 22 edges and justify the
following:
Theorem 2. The minimal number of edges of a polygon with at least one
pair of points that do not illuminate each other is at most 22.
The mentioned examples for non-illumination rely on Tokarsky’s main
lemma, which we reprove and extend in Lemma 3.1 to apply to a wider
family of examples.
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2 Illumination and Blocking in Rational Billiards and
Translation Surfaces
Let Γ be the group generated by the linear parts of reflections along edges
of a polygon Q. Γ is finite if and only if Q is rational and in this case
a process of unfolding (also named Katok-Zemliakov construction) yields a
translation surface M : a compact, orientable surface with an atlas of planar
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charts such that all transition maps are translations, and equipped with a flat
metric defined outside a finite set of singularities Σ. For a general description
of translation surfaces we refer to [MT02], [Vor96]. The unfolding process
begins with taking all reflections and rotations of Q by elements of Γ with
arbitrary translations to avoid overlaps, marking the resulting set of polygons
{Q(γ) : γ ∈ Γ} and denoting the affine maps φγ(x) = γx + vγ for suitable
vγ ∈ R2 such that φγ(Q) = Q(γ). We then identify edges in the following way:
edges e1, e2 on Q(γ1), Q(γ2) respectively are glued by translations whenever (1)
they correspond to the same edge in Q, that is φ−1γ1 (e1) = φ
−1
γ2
(e2) and (2) e1
is parallel to e2 and γ1 = τγ2 where τ is the derivative of reflection in e1. For
a more detailed description of this unfolding construction we refer to [Vor96]
§2.2.
Let A,B ∈ Q and define B˜γ the unfolded image of B corresponding to
γ ∈ Γ, that is, B˜γ def= φγ(B˜) ∈ Q(γ) in charts, where B˜ = B˜1Γ ∈ M is the
unfolded image of B corresponding to the identity element 1Γ ∈ Γ. The
natural projection pi : M → Q is mapping x ∈ M to the point in Q that
unfolds to x and in this sense {B˜γ : γ ∈ Γ} = pi−1(B). A˜γ’s and A˜ are defined
similarly. Any point in charts of M can be represented as an unfolded image
A˜γ = φγ(A˜) of some A ∈ Q and corresponding γ ∈ Γ (uniquely if and
only if A ∈ int(Q)) and an action of Γ on M is well defined: γA˜τ def= A˜γτ .
The following lemma is a standard claim in billiards but we could not find a
reference that provides a detailed proof.
Lemma 2.1. Let Q be a rational polygon, A,B ∈ Q and E def= {E(1), . . . , E(n)} ⊂
Q \ {A,B}. A billiard trajectory on Q \E connecting A and B exists if and
only if there exists a geodesic line on M \Γ{E˜(1), . . . , E˜(n)} connecting A˜ and
B˜γ, for some γ ∈ Γ.
Proof. We introduce the billiard flow on Q and show how the billiard tra-
jectory can be straightened to a geodesic on M and how the geodesic line
on M can be folded down or projected to a billiard trajectory on Q. Ob-
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serve Q × S1 with the following identifications: (q, v1), (q, v2) ∈ Q × S1 are
identified whenever q lies uniquely on some edge e of Q (not a vertex) and
v1, v2 are symmetrical with respect to that edge, that is, if γe ∈ Γ is the
linear part of reflecting along e then v2 = γev1. This set with identification
is the phase space Φ(Q) for the billiard flow on Q. It would be useful to
describe a trajectory in the phase space α(t) that connects A and B as a
sequence of bounces off the wall. Namely, let t0 = 0 < t1 < · · · < tn = 1
a sequence of times such that α(t0) = (A, v0), α(tn) = (B, vn) and for all
0 < i < n, α(ti) = (qi, vi) such that qi is on an edge ei with corresponding
element γi ∈ Γ and vi−1 = γivi so α(ti) = (qi, vi−1) = (qi, vi). We denote
α(t) = (α1(t), α2(t)) where α1(t) ∈ Q , α2(t) ∈ S1 and note that on intervals
(ti, ti+1), α1(t) is a straight line, α2(t) is constant and α(t) is differentiable
with α˙1(t) = α2(t). Whenever we have such α(t) between A and B, we can
straighten it to a geodesic line α˜(t) on M with α˜(t0) = A˜ and α˜(tn) = B˜γ
for some γ ∈ Γ. Pictorially, we do that by taking every segment between
collisions with the walls in Q and drawing it on the suitable copy of Q on
M . Let τ0
def
= 1Γ and for 0 < i < n take
τi
def
= (τi−1γiτ−1i−1)τi−1 = τi−1γi
For 0 ≤ i < n and t ∈ [ti, ti+1] define:
α˜(t)
def
= φτi(α1(t)) ∈ Q(τi)
Note that this element is well-defined on overlaps. We need to show that α˜(t)
is a geodesic line. Iteratively, α˜(t)|[ti,ti+1] is an affine function with derivative
φ˙τi(qi)vi that is constant among the intervals [ti, ti+1]:
φ˙τi(qi)vi = τivi = τi−1γivi = τi−1vi−1 = φ˙τi−1(qi−1)vi−1
and ultimately equals to v0 so α˜(t)’s image is a geodesic segment in the flat
metric of M , connecting A˜ and B˜γ with γ = τn−1. A reverse construction
in similar manner shows that a geodesic line between A˜ and B˜γ for some
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γ ∈ Γ is projected on a billiard trajectory on Q connecting A and B. This
construction shows that if there is a time t′ such that α(t′) = E then α˜(t′) =
E˜τi for some τi ∈ Γ that corresponds to the time segment to which t′ belongs
(ti ≤ t′ ≤ ti+1). Conversely, if α˜(t′) = E˜τi for some E ∈ Q, τi ∈ Γ then
α(t) = E. Thus billiard trajectories that avoid E can be straightened to
geodesics that avoid Γ{E˜(1), . . . , E˜(n)}, and such geodesics can be folded down
to trajectories that avoid E.
Remark 2.2. Traditionally, a billiard trajectory is defined such that it stops
upon hitting a vertex. When the billiard has a vertex with interior angle pi/n,
the billiard flow can be continued to pass through this vertex. Equivalently,
a vertex with interior angle pi/n is lifted to a removable singular point in
the unfolded surface, on which the flat metric can be defined. The assertion
in Lemma 2.1 holds for billiard and geodesic flows continued through pi/n
vertices and removable singularities respectively. Yet there is a difference
in the illumination question between billiards and surfaces. The continua-
tion of a billiard trajectory α(t) through a pi/n vertex at time t0 amounts
to the trajectory bouncing back on itself, i.e α(t0 + t) = α(t0 − t). In this
case non-illumination for a pair of points in the billiard would persist when
trajectories are allowed to continue through pi/n vertices. On the unfolded
surface however, a lifted trajectory α˜(t) allowed through the removable sin-
gularity at α˜(t0) would pass from one copy of the polygon to the copy shifted
by an element γ ∈ Γ which depends on the parity of n. For an even n, γ is
a rotation by pi (see Lemma 3.1), and for an odd n it is a reflection in the
line through the origin that makes an angle of pi(n+1)
2n
with the positive side
of the X axis. And thus α˜(t0 + t) = γα˜(t0− t), possibly connecting otherwise
blocked pairs. By the description of a billiard trajectory continued through
a pi/n vertex, a pair of points on the surface M that would illuminate each
other only when a singularity is removed must descend to the same point on
the billiard table Q.
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Lemma 2.3. Let Q be a rational polygon, A,B ∈ Q. The following are
equivalent:
1. A and B are finitely blocked
2. A˜ and B˜γ are finitely blocked for all γ ∈ Γ.
3. A˜τ , B˜γ are finitely blocked for all τ, γ ∈ Γ.
In addition, for all n ≥ 0, γ, τ ∈ Γ:
BC(A,B) ≤ n⇒ BC(A˜τ , B˜γ) ≤ |Γ|n (1)
Proof. (1⇒ 2) Let E def= {E(1), . . . , E(n)} ⊂ Q a blocking set for A,B, using
Lemma 2.1 yields that Γ{E˜(1), . . . , E˜(n)} is a blocking set for A˜, B˜γ for all
γ ∈ Γ. (2 ⇒ 3) Let γ ∈ Γ and let Kγ ⊂ M a blocking set for A˜, B˜γ. The Γ
action on M can be extended to an action on geodesics: (γα˜)(t) = γα˜(t), so
α˜ connects A˜, B˜γ and intersects Kγ if and only if τ˜α connects A˜τ , B˜τγ and
intersects τKγ. Now for all τ ∈ Γ, τKγ is a blocking set for A˜τ , B˜τγ. Denote
the projection of
⋃
γ∈ΓKγ to the billiard by {E(1), . . . , E(n)} and observe that
Kγ ⊂ Γ{E˜(1), . . . , E˜(n)} for every γ, hence
⋃
τ,γ∈Γ τKγ ⊂ Γ{E˜(1), . . . , E˜(n)}.
Now for every A˜τ , B˜γ we have τKτ−1γ as a blocking set, so Γ{E˜(1), . . . , E˜(n)}
qualifies as a blocking set simultaneously for all pairs A˜τ , B˜γ and this also
satisfies Equation (1). (3⇒ 1) As before, let Kγ be a blocking set for A˜, B˜γ,
{E(1), . . . , E(n)} the projection of⋃γ∈Γ Kγ to the billiard so Γ{E˜(1), . . . , E˜(n)}
is a blocking set simultaneously for all pairs (A˜, B˜γ) so by applying Lemma
2.1 we have that {E(1), . . . , E(n)} is a blocking set on the billiard for A,B.
As a corollary to Lemma 2.3 and for improved nomenclature:
Corollary 2.4. Let n ≥ 0 an integer, M the unfolding of a rational polygon
Q and M̂2
def
= (M \ Σ)2. Infinite cardinality of the set:
Qn def= {(A,B) ∈ Q2 : BC(A,B) ≤ n}
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results in infinite cardinality of:
Mn(Q) def= {(A˜τ , B˜γ) ∈ M̂2 : (A,B) ∈ Qn, γ, τ ∈ Γ}
And letting
Mk def= {(x, y) ∈ M̂2 : BC(x, y) ≤ k}
we have:
Mn(Q) ⊂M|Γ|n
Proof. The injection (A,B) 7→ (A˜, B˜) embeds Qn in Mn(Q). The inclusion
Mn(Q) ⊂M|Γ|n follows from the additional claim in Lemma 2.3.
Remark 2.5. By definition, Mn(Q) is Γ2-invariant where each factor of Γ
acts on the respective factor in Mn(Q).
For a general translation surface M , we treat the product M̂2 = (M \Σ)2
as a 4-manifold with a translation structure defined on Cartesian product of
charts of (M \ Σ). It is shown in [LMW16] that M is a branched cover of
the torus if and only if there is some k > 0 for whichMk = M̂2. The results
of [LMW16] also grants a description of Mk in case it is a proper subset of
M̂2, which is given below.
Definition 2.6. 2-dimensional linear submanifold S ⊂ M̂2 can be defined by
charts Ui ⊂ S along with maps Ui → C implicitly defined by affine equations
y = ψS,i(x) where ψS,i are affine maps. When such S is connected, the linear
part of ψS,i is independent of i and we call it ΨS. S respects the translation
structure of (M \Σ)2 so when it forms a compact and orientable surface, we
call it a translation surface affinely embedded in (M \ Σ)2.
Proposition 2.7 (Lelie`vre, Monteil, Weiss [LMW16], Theorem 2 and The-
orem 11). For a translation surface M and an integer k ≥ 0, the set Mk
either equals M̂2 or is a finite union of 0-manifolds, and 2-dimensional lin-
ear submanifolds of M̂2 of the following kinds:
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1. F ×M or M × F for a finite F ⊂M
2. A translation surface S affinely embedded in M ×M with ΨS a multi-
plication by a nonzero λ ∈ R.
Definition 2.8. The 2-dimensional submanifolds described in the first option
in Proposition 2.7 are submanifolds of the first kind, and those described in
the second option are submanifolds of the second kind.
Remark 2.9. [LMW16]’s proof relies on a result by Eskin, Mirzakhani and
Mohammadi describing orbit closures of the SL(2,R) action on moduli spaces
of translation surfaces. An orbit closure appears as a sub-manifold of the
moduli space with an atlas of charts that is a family of open sets in an affine
space in which the linear part is a complex vector space defined over R and so
it has an even dimension. The set of all such manifolds that arise from orbit
closures is countable, and in our case finite. Generally, self-intersections may
occur in the affine manifolds introduced by [EMM]. The manifolds dealt with
by [LMW16] have in addition a translation structure thus the real coefficients
defining them are constant through the charts and so self intersections do not
occur and such a manifold can be said to be embedded in M2.
Proof of Proposition 2.7. For manifolds of the second kind, it is not stated
explicitly in [LMW16] that ΨS is a real scalar λ but this does follow from
the proof. Consider the stratum containing M and consider the stratum of
surfaces with two additional removable singluarities. In a way that preserves
the flat structure, we can embed the Cartesian product M2 in this stratum
(see [LMW16] §2.1). The application of [EMM] allows the description ofMk
as a finite union of 0 and 2 dimensional linear manifolds. A 2-dimensional
manifold contained in this union is presented locally, in the translation charts,
as a C-linear space defined over R. That is, a suitable neighborhood of that
manifold is up to some translation an open set of complex solutions to an
equation:
az1 + bz2 = 0
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with a, b ∈ R. The cases of a = 0 or b = 0 leads to submanifolds of the first
kind, and a, b 6= 0 yields a submanifold S of the second kind. In that case,
the choice of a, b is in fact global in the charts of S since S is connected and
transition maps are translations. So S is an affinely embedded translation
surface and ΨS is a multiplication by λ
def
= −a/b ∈ R
Note that Proposition 2.7 holds for blocking in general translation sur-
faces.
Proposition 2.10 (Apisa, Wright [AW17], Corollary 3.8). A point x ∈M\Σ
on a translation surface M that is not a branched cover of the torus, is finitely
blocked from only finitely many other points.
Corollary 2.11. If M is not a torus cover, then for every integer k ≥ 0,
Mk is the union of a finite set and finitely many 2-dimensional manifolds of
the second kind.
Proof. By Proposition 2.10, for every x ∈ M \ Σ the set {(x, y) ∈ M̂2 :
BC(x, y) ≤ k} is finite hence Mk does not coincide with M̂2 so by Propo-
sition 2.7 it is a finite union of 0 and 2 manifolds of the listed forms. Again
by Proposition 2.10, Mk cannot contain any set of the form {x} × M or
M × {x} for any x, so the only 2-dimensional manifolds that comprise the
union are of the second kind.
Theorem 3. Let Q be a rational polygon, M be the unfolded translation
surface, n ≥ 0 an integer such that M|Γ|n ( M̂2. Let S be a 2-dimensional
submanifold of the second kind that appears in the union M|Γ|n, then S ∩
Mn(Q) is finite.
Proof. Assume that for some S the intersection is infinite and consider the
atlas of charts {Ui}i∈I of S in M2. Recall that in coordinates, the Ui’s are
open sets of complex solutions to linear equations of the form
ax+ by + vi = 0
11
We show that up to taking an equivalent atlas of S, we can take a map
Ui such that Ui ∩Mn(Q) is infinite. By compactness of S, Mn(Q) has an
accumulation point on S. If Mn(Q) accumulates on a non singular point
then some Ui that contains this point, contains infinitely many elements of
Mn(Q). Otherwise, take a singularity of S on which Mn(Q) accumulates
and let m such that 2pim is the conic angle around this singularity. Take 2m
almost semi-circular sectors on S around the singularity (of angle pi + ε for
some small ε), open, overlapping and with a small enough radius so that their
union is an open neighbourhood punctured at the singularity and disjoint
from any other singularity. At least one of the sectors contains infinitely
many elements of Mn(Q). The sectors can be embedded in the plane and
with appropriate maps they serve as translation charts that can be added
to the atlas of S, forming an equivalent atlas. In coordinates, the sectors
are covered by translations of Ui’s, hence each sector can be described as an
open set of complex solutions in (x, y) to an equation
ax+ by + v = 0
With an appropriate v ∈ C. This modified atlas of S has the same declared
properties as the arbitrary atlas we started with. Without loss of generality
we treat {Ui}i∈I as the already modified atlas, allowing us to take some Ui
such that Ui ∩Mn(Q) is infinite.
In O(2), the only elements that act on the plane as a multiplication by a
real scalar are ±I. Considering Γ as a subgroup of orthogonal matrices, we
note that 〈−I〉 does not arise as a dihedral group for polygons as it would
mean that all edges of the polygon are parallel, so Γ cannot be 〈−I〉. We
can therefore pick some matrix τ ∈ Γ that is not a multiplication by a real
scalar.
Take Ui for which Ui ∩ Mn(Q) is infinite and let Ω def= {(τx, y) : (x, y) ∈
Ui ∩Mn(Q)}. By Γ2 invariance, Ω ⊂ Mn(Q) ⊂ M|Γ|n and so it is covered
by a finite union of 0 and 2-dimensional manifolds as listed in Proposition
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2.7, hence there exist a 2-manifold N which contains infinitely many elements
of Ω. We first consider the case that N is a submanifold of the first kind.
If N = F ×M for some finite F then for some x0 ∈ F , {x0} ×M contains
infinitely many elements of Ω, but then ({τ−1x0} ×M) ∩Mn(Q) ∩ Ui is an
infinite set and this leads to infinitely many y’s solving the linear equation:
aτ−1x0 + by = vi
which is impossible as b 6= 0. If N = M ×F for some finite F , then similarly
for some y0 ∈ F , M × {y0} ∩ Ω is infinite and thus for infinitely many x’s:
aτ−1x+ by0 = vi
which is not possible as a 6= 0. Now assume that N is a submanifold of the
second kind with an atlas {Wj}j∈J , and repeat the above argument to pick
a chart Wj such that Wj ∩ Ω is infinite. Let Wj be defined by the equation:
a′x+ b′y = wj ; wj ∈ C
for suitable 0 6= a′, b′ ∈ R. Observe that infinitely many pairs (x, y) ∈ Wj∩Ω
solve the equations a′x+ b′y = wjaτ−1x+ by = vi
simultaneously, as (τ−1, I)Ω ∩Wj is a subset of Mn(Q) ∩ Ui. Equivalently,a′x+ b′y = wjb′b−1aτ−1x+ b′y = b′b−1vi
and then for infinitely many x’s:
(b′b−1aτ−1 − a′)x = b′b−1vi − wj
This holds only if b′b−1aτ−1 − a′I = 0 but then we would have τ = b′a
a′bI
contradictory to τ not being a multiplication by a real scalar.
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Proof of Theorem 1. (i): In the case of illumination, we have by Proposition
2.7 thatM0 either coincides with M̂2 or is a union of 0 and 2-manifolds of the
listed kinds. We can always find a pair of close enough points that illuminate
each other, so M0 does not coincide with M̂2 and cannot contain F ×M
or M × F , so it is a finite union of 0 and 2 manifolds of the second kind.
By Theorem 3, M0(Q)’s intersection with the 2-dimensional manifolds that
appear inM0 is finite. We conclude thatM0(Q) is finite, hence by Corollary
2.4, Q0 is also finite. In other words, there are only finitely many pairs of
points on the polygon Q that do not illuminate each other.
(ii): Let n > 0 and assume that M is not a torus cover, then by Corollary
2.11, Mn|Γ| is the union of a finite set and finitely many 2 dimensional sub-
manifolds of the second kind. By Theorem 3, Mn(Q) ∩ S is finite for each
2-dimensional submanifold S in the union so Mn(Q) is finite, hence Qn is
finite. The ”only if” direction is evident from the result by Lelie`vre, Monteil
and Weiss, stated of general translation surfaces, that M is a torus cover if
and only if for some k ≥ 0, Mk = M̂2 ([LMW16], Theorem 1).
3 A little more about illumination
The two points on the polygon in Figure 1 do not illuminate each other. It
was constructed to work with the original proof of [Tok95]’s 26-gon: the right
isosceles triangle tiles the polygon as it is generated by successive reflections
of it. The two points fold down to the same acute vertex of the triangle.
Any trajectory on the polygon connecting those points would have to fold
down to a trajectory on the triangle that returns to the same acute vertex
it started from, but such trajectories do not exist (see [Tok95] §3, Lemma
3.1). The following lemma extends a lemma by Tokarsky ([Tok95] Lemma
4.1) which is used to construct a more general family of polygons with a pair
of points that do not illuminate each other.
Lemma 3.1. Let Q be a triangle 4ABC with angles ∠A of size pi/n and
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Figure 1: A 22-sided polygon with a pair of points that do not illuminate
each other
∠B of size mpi/n for some even n and a positive integer m < n − 1, then
there is no billiard trajectory in Q from A coming back to A.
Figure 2
Proof. Assume by contradiction that a billiard trajectory from A to A exists,
denoted α(t). We may assume that α(0) = A and conjugate by a suitable
rotation to position 4ABC as in Figure 2. Let Ref(θ) denote the reflection
about a line through the origin which makes an angle of θ with the X-axis
and Rot(θ) the planar rotation by an angle of θ. We can take the dihedral
group for the billiard in 4ABC to be
Γ = 〈Ref(pi
n
) , Ref(0) , Ref(
mpi
n
)〉
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By multiplying the corresponding orthogonal matrices we have Ref(pi
n
)Ref(0) =
Rot(2pi
n
) and (Rot(2pi
n
))m−1Ref(pi
n
) = Ref(mpi
n
), so the dihedral group is in fact
the symmetry group of the regular n-gon:
Γ = 〈Ref(pi
n
) , Rot(
2pi
n
)〉 ' Dn
Consider the 2n copies of the triangle, unfolded about the vertex A to form a
polygon as in Figure 3. Glued according to the unfolding construction, this
is the translation surface associated with Q. The vertex A with angle pi/n
unfolds to a removable singularity, considered to be situated at the origin O.
Let α˜(t) be a lift of α(t) such that for small enough ε, every 0 < t < ε has
α(t) ∈ Q(1Γ). Note that at time t = 0, α˜(t) traverses between Q(1Γ) and the
copy of Q rotated by pi, that is Q(τ) with τ = (Rot(2pi/n))
n/2 ∈ Γ being the
element of rotation by pi. Now clearly for 0 ≤ t ≤ ε we have α˜(t) = τ α˜(−t).
This symmetry can be extended so that for all 0 ≤ t ≤ T , α˜(t) = τ α˜(−t)
with T denoting the minimal period time of α˜(t) as a closed geodesic on a
translation surface.
Now observe that for the middle points we have α˜(T/2) = α˜(−T/2) but
also α˜(T/2) = τ α˜(−T/2), so α˜(T/2) is fixed under τ . As Γ acts freely on
pi−1(int(Q)), α˜(T/2) cannot be a lift of an interior point of Q, so it is a lift of
a boundary point. By construction, each lift of a point interior to an edge of
Q is fixed by a single reflection element of Γ, so α˜(T/2) must be a singularity.
This is a contradiction to α˜(t) being a closed geodesic (in case α˜(T/2) 6= O),
or to T being the minimal period (in case α˜(T/2) = O).
16
Figure 3: An unfolding of the triangle with angles pi/8, 5pi/8. The dashed
line is a short geodesic segment through the removable singularity.
References
[AW17] Paul Apisa and Alex Wright. “Marked points on translation sur-
faces”. In: arXiv e-prints (Aug. 2017). arXiv: 1708.03411 [math.DS].
[Cas97] David Castro. in corrections note, Quantum Magazine Vol 7, Jan.
1997. url: http://static.nsta.org/pdfs/QuantumV7N3.pdf#
page=44.
[EMM] Alex Eskin, Marriam Mirzakhani, and Amir Mohammadi. “Isola-
tion, equidistribution, and orbit closures for the SL(2,R) action
on Moduli space”. Preprint, 2015.
17
[HST08] P. Hubert, M. Schmoll, and S. Troubetzkoy. “Modular Fibers and
Illumination Problems”. In: International Mathematics Research
Notices (Jan. 2008). doi: 10.1093/imrn/rnn011.
[LMW16] Samuel Lelie`vre, Thierry Monteil, and Barak Weiss. “Everything
is illuminated”. In: Geometry & Topology 20.3 (Apr. 2016), pp. 1737–
1762. doi: 10.2140/gt.2016.20.1737.
[MT02] Howard Masur and Serge Tabachnikov. “Rational billiards and
flat structures”. In: Handbook of dynamical systems, Vol. 1A.
North-Holland, Amsterdam, 2002, pp. 1015–1089. doi: 10.1016/
S1874-575X(02)80015-7.
[Pen58] Roger Penrose. in Puzzles for Christmas, New Scientists Vol 4,
pp. 1580-1581,1597. Dec. 1958.
[Tok95] George W. Tokarsky. “Polygonal Rooms Not Illuminable from
Every Point”. In: The American Mathematical Monthly 102.10
(1995), pp. 867–879.
[Vor96] Ya. B. Vorobets. “Plane structures and billiards in rational poly-
gons: the Veech alternative”. In: Uspekhi Mat. Nauk 51.5(311)
(1996), pp. 3–42. issn: 0042-1316. doi: 10.1070/RM1996v051n05ABEH002993.
18
